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@ >0 and the use of the Weierstrass inequality show that the discontinuity in the func-
tion U, (, §) holds only for x = z* in this case, and this function has the form

F, z>z*
uy (x, 9) ={—F, z < x*

In case & < wx* the functional I equals the following:
F
[ = 2fPa (z—sin’“lﬂ)JrFT—F“ (4.9)

nw
Upon compliance with the inequality —!/, e™! << a << O the distribution of the values
of the function u, (z, ¥)is as shown in Fig, 7, The functional I hence has the value
4PPo (0T & 4 1 . ml 14 213) _Fe

I=—-(——————+Esln—l——ﬁsln 7 +FT m (4.'10)
Comparing (4. 9) and (4,10) for a = (), we obtain the following: I = FT — Fe / w.
Let us note that again the problem has an innumerable set of solutions for ¢ = ( , two
of which are described above,
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PRESSURE OF A STAMP ON A HALF-PLANE WITH INCLUSIONS
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The problem of pressing a stamp on a half-plane with holes in which inclu~
sions from another material are inserted with prestress, is considered, The
cases of frictionless contact and for total adhesion of the stamp to the half-
plane are examined, It is shown that when the elastic constants of the half-
plane and inclusions are identical, the auxiliary functions introduced on the
contours are defined completely by the magnitude of the prestress and the
solution of the problem is obtained in closed form, If the elastic constants
are distinct, then the method proposed results in some functional relationships
which can be used to determine the auxiliary functions from the kinematic
contact conditions,

1, Formulation of the problem, Let us consider an elastic half-plane §,
with a finite number of holes, The half-plane is bounded by a line L, and the holes
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by simple smooth curves L, (kK = 1, 2, ..., m) without common points nor with the

line L. Let us also assume that inclusions S, (k = 1, 2...., m) of the same form as
the holes are inserted with prestress, For simplicity it is assumed that the inclusions S,
TRy are simply-connected, The half-plane is subjected
# to a rigid pressed-in stamp, Let us consider the
line outside the stamp to be forcefree, the base
Lo of the stamp to be flat, and the stamp to be able
/7//7/4 TR g to move translationally, It is hence assumed that
X the force acting on the stamp is sufficiently large
S /Lk so as to assure that the whole stamp will touch

the boundary L, of the half-plane,
Fig, 1 Let 2q be the width of the stamp, [ the force
with which the stamp is impressed into the half-
plane, g, the affix of the center of the hole, 4, = d, — ih,. Furthermore, let X,
Uy and %p, Wgx denote the elastic constants of the materials tilling the domains S,
and S, (Fig. 1). A method of solution is given below which permits reducing this prob-
lem to a contact problem for a simply-connected half-plane,

2, Frictionless contact problems, According to investigations [1], we
have for these problems

on L,
[m [t(Do' (l) -+ ‘PO (t)] = 0, w="0,[t|>a) (21)
Re [2D, (8) 4 D)/ (1) -+ Wy (H] =~ 0 (y=0,[t|>a (2.2
Im Ix @, () — ®, (1) — 1D, () — ¥y ()] = 0 (y==0, [t|<a) (2.3)
Im (I, () W, () -0 =0.111<a) (2.4)
on L o _ o o o
Qo () = 1q" () =4, (D) = @y () -ty (D A e (1) (2.9
Koo (8) = 14 (D = Py (1) =5 o Ity () — 2,7 () — o (D] -+ 218 (1)
(2.6)

Here (O, (z) - ¢, (2). W, (3) — G, (2), C) == Py Ny and gy (8) is a specified
function,
Let us introduce a new regular function

G2 - zh/ (2) | ¥, (3) (2.7}
in the domain S, . Taking account of (2, 7), we obtain from (2.1) and (2. 4)
Im G,y (t) =0 =0, —ocv t <l ) (2.8)
taking account of (2,4), we determine from (2.3)
Im M. () = 0 (=0, —a<{t<a) (2.4
and trom (2, 2) we have

Re (200, () 4 Gu ()] =0 =00t (2.14)
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Therefore, conditions (2, 5) — (2.7), (2. 9), (2. 10) determine the problem posed,
We introduce the new unknown functions {2]

oy (1) Ed 1-2 I(‘\:; (I) - [q‘()' (t) - \l\l) (t) — Qr (’) _}_ zq}", ([) _+ ‘q:h (/)] (211)
on /,, . We then find from (2,5),(2,11)
(o (0 = @ (1) = 0r (O, () = () — 0 () — Toy,’ () (2.12)

If the elastic constants of the half-plane and the inclusions are identical (%)= Ky A,
I+ W, -y, then the functions ), (f) are determined completely by the magni-
tude of the elastic prestress and are considered known, In this case, as is known in the
Appendix, the solution of the problem posed is obtained in closed form, If the elastic
constants are distinct, then the method presented results in the functional relationship
(2.26), which can be used to determine the auxiliary functions o, (f) from (2,6).

In conformity with the properties of Cauchy type integrals and the theorem on analytic
continuation, We introduce the following regular functions in the simply connected do-
main S, - S,4- ... S, e

Go ()4 ). 708
vl = {‘IV(:) 1 ./1](:). - so (v=12....m (2.13)
q. (:) - J-_) (5) s =8
¥ = {4 (@) A4y (). s = o =hnem (2.14)

Here

(RN "
Jl(:)z_’,_’[lst—zdl
=t I
R
Ja(3) = — D s\ — et (2.13)

A= ¢ -

[

we differentiate (2,13),(2.14) by introducing the notation ¢’ {2} = (b (z) and y’
(z) - W (z),and we convert (2, 8) = (2,10) into
ImG ()= I (" (1) + T, (1)) (=t [t ) (2.16)
Im () = ImJ," (1) (g =4[] < a) (2.17)
Re (200 (1) + G ()] == Re (2, (t) 4 11,7 @) = S ()] =1 101> 00 (2.18)
Here (;(z) - 2" (z) - W (2) is aregular function in the simply-connected domain
Sy = Sy S Let us assume that (b (z) = O (! " 2) and W () =¢; (1:D)

in the neighborhood of z - oo ; then (; (z) = () (| z) also, We give condition
(2,18) the form

G ~G =/ =10 oo (2.19)
(2 2y (E) Y (9)
On the basis of(2.1_5), we obtain f, (z) =(/ {1 *z°) in the neighborhood of : = oo ,

hence ( (3) = ---f, (2). Hence, it follows that the conditions (2,17) and (2,18) can be
written in the form
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l)—W /'1'(1)— ) =< (2.20)
b (/)+ () NOEN )+ [ () :'.:__(’) W=t > (2.21)

where /;(2) == J|" (). We take the regular function

WD) fE). Ims<cu
Fz) = {(l) (o) -+ ). Im :;() (2.22)
We then have from (2,20) and (2,21)

Fry—F- ()~ 0w oo i< (2.23)
FrOy—=bF () - j() =0 > (2.24)

Here
b= =1, /() - 21,7 -+ [ () -+ () + /._‘(t) (2.29)

We conclude from (2, 23) that the function £ (2) is regular on the z -plane slit along

L ({a, 00), (—o0o0. - a)) . Such a function should be determined from the Riemann
problem (2,24) with index /, .= —1. The solution of this problem which equals zero at
infinity has the form [1]
. t Uy jy e o) , Ca P
F(Z)— V’:’_.—_'——{;z-u> [ _'_dt'T‘VT:a—?y Co - TR (226)

As has already been noted above,(2,26) permits obtaining a final solution of the prob-
lem only in the case of identical elastic constants for the half~plane and the inclusions,

3, Contact problems in the case of total adhesion under the
stamp, In this case the following conditions hold on L, [1] :

D) — Dy () =0 (y=0,|t]|>a) 3.1
Dyt () - wDy (1) =0 =0 [t|<a)
The function @, (z) is defined in the upper half-plane S as follows:
Dy (2) = — D (2) — 200 (2) — ¥, 2), & S,
Using the notation introduced earlier, let us give conditions (3,1) the form
O () — D™ () =1 (1) (y=0,t{>a) (3.2)
D (8) 4 %D~ () = f(b) ¥y=0, [t|<a)
where the function () (z) in the upper half-plane S and the function f({) are de-
fined as follows: W (2) = —ff)(z) _ (z) — ‘i’-(z), ;3
fO = —f0—=HL" (-~ @=0|t>a
f(8) == nfy” ()—/z+(l)—f1 () =01t <a)

The problem (3,2) is a Riemann problem with discontinuous coefficient, The particular
solution of the corresponding homogeneous problem is:

X, (@) = (z+ @)Y (z —a)™h v == Y, 4 In x/2ni

The branch for which lim zX, (z) = 1 as z — oo is selected for the function
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X, (2), The solution of the inhomogeneous problem (2, 2) has the form:

Xa ¢ d
@)= | frmier +CoXe(® (3.3
— 0

where @ (z) is a holomorphic function in the expanded z -plane slit along (—a, a)
and equal to zero at infinity, C, = iP / 2n. Then under the stamp (| z | << @)

Oy — ity = D7 () — () — fo~ () — 17 () — 1,1+ (D) (3.4)
As in Sect, 2, formula (3, 3) can be applied directly only in the case of identical elastic
constants,

4, Appendix, Letdomains S, in the form of circles of identical radius r for
which the affixes of the centers are a, = [v—!s (m + 1)]d — ih (v =1, ..., m) be
inserted in a half-plane with identical prestress 8 , Let us also assume that po = pn, =
K, %g = x, = %, that the stamp can be displaced vertically only, and there is no fric-
tion below it, Then

2ug, () = 2K (1t —a ), K=upd/r
Wy (1) = Qo (1) — @x () = 2K (4 + )72 (2 — dp)
The functions o© (z) and ¥ (z) defined by (2,13),(2,14) are:

q)()(z)v ZESO
= 2K
Q(Z) q)v(z) - m(:——d\), ZESV

For this problem

m
2r2
() + + ghah 2 E S

P (z) =

¥, (z) + + (2 2r2_.—av). kv, zE8,
k=1

Therefore, we have in the domain §,

D (2) = Do (z) + T’ (2), ¥ (z) = ¥ (2) - T (2) (4.1)
N@=h@=0, JNE@=he=-- _5_‘, e 4.2)

From (2,25) and (4, 2), we find
m
4Kr? 1 1
t) = — 4 K
r0==133 3 (v=ar + =) ¥
Let us substitute (4, 3) into (2.26), then

4K 1
F(z)=( 1+x”’)+c°>1/_z—__‘_7{2

m
_ { — q i dt
J(‘)—gl-z—,g,g @ a’((t_a,‘)ﬂ'*'(t—ak)’)t—z

By virtue of the theorem on residues we finally find
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™
o) = — 2K S 1

+ 1 { ~
T x SG—ar T Eoar T Vros
2 - A2 a? — ap? } Co
CVagd—a? (@ — z)’ T Vag—a(ag—or )l VE e

m
¥y () = — 2®0’ (2) + 4K 2[ !

b ! ]
14% bumd Az — gy (z —ag¥ i
The stress under the stamp {{ z] < a} will be

5. = — 2Kt

m

_ T T X .
v 1‘*‘“ atVi (z/a) 2 (,-.',1 (qy o~ x)?
a® — agz TP 1
4 Vae — @ (ay — 1) J qa V K TCe Tay
Taking into account that Vrzz,;2 —a = - V{:h — (}: we obtain
m (1.9
3“ = 18[$r2 B /'-—.-1-._...h’- 2 ]m L f{“l. - nKr . 'ﬁ- l
TX eV~ (@/a} S Vg Zat g, — 2y M YT (2] ap
Let us consider the case of one inclusion (i

y == d — ih), then

e (B (2 1
Sy T 1--{2_(7(‘—}:“_ ”—.’m)“

Here

e )
|m1-—-—(z/a)" .9
{ . ) .
B "",7"-'-' [ — g3 - 1] (lfx stn —.%" - Bscos —%—)
By (B —aby e — Bp)® — 1] - 2 {e — By) By
i3, =

P lla — B = 1] = 2 (e — By (B* — aBy)

L D LI

g -
dfh=a, afh--B, x/a-=

¢
To assure translational motion of the stamp, the distance z. of the line of action of the
force P from the stamp axis y is determined from the statics condition

ot

l L]
I, =

;e \ Sy da (5.6)
P
or

-

£ 2D ‘ (((ﬁ*—ﬁq) [(x — Bg) — 1] — 23 =
=g — P VI=¢

X (3~ By sin o (30 [ — By):

L

)2 (x— By) (3 — a3q)} cos o
where

8  kat 1 et

1} t-——T‘j:—y‘ 7 B ( ) [(‘2—*8——‘)2*'; !!1‘}

The points ¢ = @/ B+ i1/ Pand §, = a/f — i1/ are double poles of the integ-
rand, For sufficiently large {z| = H we have

Vi—z

\ i dq

= — i Re", V1—z =il ™ L
On this basis of the theorem on residues and taking account of (4, 5) and (4, 7) we obtain
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from (4,6):
8a2Km [ r \2 1 ") .9 1T pising -
xc=W(T) T{(W g~ —3sin 2)+4V§[ s g T

1 . 9@ ? )
<+ Dj cos? %—— Dssin’%-]—--é—p-.—/’— [(D.sm —2—+ Dscos—i-) X
3 ? \ e 30
X (Ga cos % + 2A4;7sin _T(P) — (Ds sin -% + D7 cos —2—) (2/17 cos =~ — 6 sin =
The constants in this formula are:

D, = p*A, — 24,45 4 34,43 — 445
D, = 4a (B — A, + 24,), Dy = 4a (4, — 345+ 24,)
D, = o (B4, — 4,4, + Asd, — 4o)
D, = 2a%p% — A, A, + As, Dy = B4, — 2024, + A4, — 4o’4,
D7 = 20 (B + 24, — 4,)
A=t —1, A;=20+at+1, ,Ay=p+ 2 +2
A, = at — 3, Ay = 3a% — 1, Ag — at —6a® + 1
A7 = P2 — a? 4 2, Ag=oat + 1, Ag=0a%+ 1

The distance of the line of action of the force P from the y -axis is 2. = 0.1701a for

d/h=1,a/h="s, The pressure under the stamp has been computed for P/ na =

8K (1 + %)t (r/ h) forthe cases d = 0, a/h =13 d/h=1Ys a/h=13 d=nh,

a/h =13 and the diagrams o,* = .. (1 + ) K~ (& / r)? o, are shown in Fig, 2 by a
solid, dashed, and dashed-dot line, respectively, The diagram shown by the heavy solid
line is when there is no inclusion with prestress,

J!

[
I

A
\ 1

L5

a4

Fig, 2

4,2, Let us solve the problem 1, when total adhesion holds under the stamp, In this
case

f=—pey =22 5!

— Z — 2
TH o T

AY

4Kr2 {
o(z)=<ﬁ_rx-7(z)+2—;—1’).¥o(z)

J _ _1' 3 dt
() hé]l 27 J{» Xot () (¢ —ap)(t —2)

On the basis of the residue theorem we have
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2 [ TG = <O
J(2) = =1

+ Je (3), y>0

™Ma

Xo (2) (z — ay)?

k=1
m

J, (23 = J[ (“k+“>Y_1+1— (ak*‘“)” 1 _[ax+a\r ax—a }
« h2=11 T ax —a ¢ M ax—a Jak-—z axr—a /) (ax—1z)?
Taking into account that f; (¢) = 0, on the basis of (2,4) we have under the stamp

— ity = O~ (1) — O (1) + 4K 2 s

t+u & (@—ap
Hence m
oy — ity = 2 @) X @) — 0 (@) K" ) 3 ot
57 P {Xe (2) — X" (2))
Taking into account that X* (z) = —x X~ (z) along the slit (—a, a) , we have
Sy ~ Ty = —$J* (x) Xo* (z) — ;P xtl = Xo* (2)

Hence, for the case of one inclusion (i, = d — ih), formulas for the stress components
result

4K ( r )2 ) 5 c08 1 — pip2 (1 — ¢)? 1 Bi2)""* cosa,
a

TVxi\a! Vom VI—a) (1 —qF + B
14% P cos(QIn((1+9)/ (1 —q)))
2x Yx @ Vi—¢
Ty, == — 4K (_,_)2 @) oy sinay — pupa (11 — @) + i) sin s
xy %* \a Vewoz VA —@) (11— P+ Br)
1+% P sin[QIn(dl--q)/(1—q)]
2nyVx @ Vi—¢

Here
hia=f, dia=y, z/a=gq, @ =PB/ (y1—1), t€¢, =/ (v, + 1)
t8Ps=0CQ+PB) /1, tgO=B/(m—4q p1i=V{ai—1y+85
=Vm+102+B82% ps=VEQ+BR 15, Q=lnwn/2n

1 <
a;=7(¢x+¢e)+0m<ﬂ)+° w - Qln v Tt

k14
an— 2 @1+ @) + 5

Note, Itis found in deriving the formulas for oy and Ty, from the condition
zX, (2) —» 1 as z — oo that in the function

1 z—a
Xo@) =G+ a7 @—a " =g e (=T+—>

the argument In u equals arg u.
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The pressure and shear stresses under a stamp have been computed for P/2ng =
4(K/ V%) (r/a) for the cases (B, = 3, y,=0), (B; = 3, y, = 3) and the diagrams

A\ /

Fig, 3

0,°* =Ys¥ % K7 (A/r)%0y and v ** = YsV %K (h/ r)*z, are shown in Fig, 3 by fine
and heavy lines, respectively,
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