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a > 0 and the use of the Weientrass inequality show that the discontinuity in the func- 
tion u1 (2, y) holds only #or z = z* in this case, and this function has the form 

%(X9 ?I) = 
I 

F, x>x* 

-F, x<x* 

In case e < wx* the functional I equals the following: 

I= =(2-siny)+FT-g 

Upon compliance with the inequality -1/g e-l < a < 0 the distribution of the values 

of the function ui (5, y) is as shown in Fig. 7. The functional 1 hence has the value 

Comparing (4.9) and (4.10) for a = 0, we obtain the following: 1 = FT - Fe / w. 
Let US note that again the problem has an innumerable set of solutions for a = 0 , two 
of which are described above. 
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The problem of pressing a stamp on a half-plane with holes in which inclu- 

sions from another material are inserted with prestress, is considered. The 
cases of frictionless contact and for total adhesion of the stamp to the half- 

plane are examined. It is shown that when the elastic constants of the half- 

plane and inclusions are identical, the auxiliary functions introduced on the 

contours.are defined completely by the magnitude of the prestress and the 
solution of the problem is obtained in closed form. If the elastic constants 
are distinct, then the method proposed results in some functional relationships 
which can be used to determine the auxiliary functions from the kinematic 
contact conditions. 

1. Formulation of the problem. Let us consider an elastic half-plane 8, 
with a finite number of holes. The half-plane is bounded by a line L,, and the holes 
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by simple smooth curves Lk (k = 1, 2, . . . . m) without common points nor with the 
line LO. Let us also assume that inclusions Sk (k = 1. 2.. .., m) of the same form as 

the holes are inserted with prestress. For simplicity it is assumed that the inclusions S,, 
are simply-connected. The half-plane is subjected 

to a rigid pressed-in stamp. Let us consider the 
line outside the stamp to be forcefree, the base 
of the stamp to be flat, and the stamp to be able 

to move translationally. It is hence assumed that 

the force acting on the stamp is sufficiently large 
so as to assure that the whole stamp will touch 

the boundary L,-, of the half-plane. 
Fig. 1 Let 2a be thz width of the stamp. 1’ the force 

with which the stamp is impressed into the half- 
plane, a, the affix of the center of the hole, nh = dh - i/z,,. Furthermore, let X,,. 
cl,, and Xk, PA denote the elastic constants of the materials filling the domains s,, 

and Sk (Fig. 1). A method of solution is given below which permits reducing this prob- 

lem to a contact problem for a simply-connected half-plane. 

2. Prictionler8 contact problems. According to investigations fl], we 
have for these problems 

on L, 

jm It@,’ (t) + Yy, (t)l = 0, 1!1 = 0, I t I > 0) (2 1) 

He la@,, (t) !- t(I),,’ (I) : V, (t)l : 0 (J/=0. ltl>n) (X.3 

Im [X0@, (t) - (I), (0 -.- /(I!‘$ -. TO (I)] 7 0 (y = 0, I t I < (1) (2.3) 

Im [?(I),,’ (0 ‘I’,, (t)l .- 0 (Y = 0. I f I < a) (2.4) 
on IJh 

cp,, (I) .‘- 1(1 I- 11’,,(I) -- (PI‘ (1) -I tcm(t) -1. $1:h (1) (2..-,) 

X,,V‘o (1) - GY-iJ .--. K-N : c,; IX,,C[!, (t) - m(1) -- ljj(t)l -:- :!!lofis (1) 
(2.fi) 

me (I),, (z) (I ()’ (z). \I’,, (3) -: qua,’ (2). C:,, :-: pLo ’ ilk. and ~1; (t) is a specified 
function. 

Let us introduce a new regular function 

c;,, (ZJ - z(I),; (z) f U’, (z) 

in the domain S,, . Taking account of (2.7), we obtain from (2.1) and (2.4) 

I III G,, (t) =- 0 ,1/ = 0. - c.2 . t c; -.- I,) 

taking account of (2.4), we determine from (2.3) 

1111 (I), (1) =- 0 (?I ==- 0. - a < 1 < n) 

and tram (2.2) we have 

(2.i) 

(23) 

(,.!;, 

(,.10) 
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Therefore, conditions (2.5) - (2.7), (2.9). (2.10) determine the problem posed. 
We introduce the new unknown functions [2] 

(I!!. (!) = 1 2 [(I~:, (4 - G-m - 4.0 (G - Tk (0 -I- ri77) $- qh (/)I (2.11) 

on I., . We then find from (2.5),(2.11) 

‘1 ,, (I) = ‘[I: (1) -I- (‘)I. (0, \I:,, (1) 7 $5 (t) - O)]( (1) - lo,!’ (t) (2.12) 

If the elastic constants of the half-plane and the inclusions are identical fxlc 1. x,,---- X, 

I’,. ,‘I,, pi. then the functions (I)~ (t) are determined completely by the magni- 

tude of the elastic prestress and are considered known. In this case, as is known in the 

Appendix, the solution of the problem posed is obtained in closed form. If the elastic 

constants are distinct, then the method presented results in the functional relationship 

(2.26), which can be used to determine the auxiliary functions ok (t) from (2.6). 
In conformity with the properties of Cauchy type integrals and the theorem on analytic 

continuation, We introduce the following regular functions in the simply connected do- 

main S, -. s,+- . . . ., s,,, : 

Here 

We differentiate (2.13).(2.14) by introducing the notation q’ I:) =. (1) (3) and $’ 

(z) - 11’ (z),andwe convert(2.8)-(2.10) into 

Im G (I j 1 1 III It./” (I) + ,I,’ (I) 1 iI/ --: 0. 1 t 1 < w) (2.16) 
Inr (1) (1) 7 Im JL’ (I) I!/ = 1’. 1 II ;I I!) (2.1’5) 

flc i’(l) (I) + G (/)I :-:. I((1 12, (0 + fJ,“(/) -1. .I,’ (/)I (,I/ = 11, 11 I > 1,) (“.1X) 

Here (; (z) = z(l)’ (z) ‘1’ (2) is a regular function in the simply-connected domain 
.\‘,, -7 s, . . . .I s,,, . Let us assume that (11 (2) = 0 (I ,’ 3) and ‘1’ (;) = (j ! 1;;; 
in the neighborhood of s 00 ; then (; (z) = 0 (I z) also. We give condition 
(2.18) the form 

-- 
G-- (i) - G’ (!) :-- !, (/) - j,’ (I) (!/ 1’. 1 t 1 . A,i (2. l!I) 

/, (s) “J,“(I) -;- J,’ (Jj 

On the basis of (2.15) we obtain f, (a) = I/ ( I o-)) in the neighborhood of z = 00 , 
hence 6’ (2) = -.- 7, (z). Hence, it follows‘ that the conditions (2.17) and (2.18) can be 
written in the form 
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(I)- (I) - ‘1)‘ (I) j; (I) - ,/, (f) (!I 7. 1’3 1 1 1 i. ‘I) 
_-. 

(1) (I) + (1). (I) - f,‘ (f) -I j, (I) -1 j2- (f) -;- i;-(r) I!/ 2 1’. I 11 

where /2 (2) ---- J,’ (2). We take the regular function 

We then have from (2.20) and (2.21) 

/‘+(/)-F-(1)- \I (!I 0. i/i<‘!) 

F+(I) --.- bP- (l) j(I) (I, ..= I), 1 I 1 > /I) 

Here 

b --- - 1. / (/) 2 I/?- (I) ./- f2-. (!)I -I- f,- (1) + /I_ (lj 

> ‘II 

(L!.3,) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

We conclude from (2.23) that the function F (z) is regular on the z -plane slit along 

I, ((a, oo), (--00. - (1)) . Such a function should be determined from the Riemann 

problem (2.24) with index // : - 1. The solution of this problem which equals zero at 

infinity has the form [I] 

As has already been noted above,(2.26) permits obtaining a final solution of the prob- 

lem only in the case of identical elastic constants for the half-plane and the inclusions. 

3. Contact problem, in the CIIQ of total rdhealon under the 
stamp. In this case the following conditions hold on L, [l] : 

CD,+ (1) - @'u (t) = 0 (Y = 0, I t I > 4 (3.1) 

cl,,+ (1) -.- x0,- (i) -= 0 (Y = 09 I * I < 4 

The function @,, (z) is defined in the upper half-plane s, as follows: 

‘I)” (2) -:: -3, (2) - ZG,’ (2) - To (z), 2 E s, 

Using the notation introduced earlier, let us give conditions (3.1) the form 

o+ (1) - W (t) = f (t> (Y = 0, I t I > a) (3.2) 
(I)' (t) -i- xQ>- (t) -= f (t) (Y = 09 I t I < 4 

where the function @ (z) in the upper half-plane 3, and the function f(t) are de- 

fined as follows: U) (z) -:- -G(z) - ZCP (z) - T(z), 2 E sb 

f (1) =y - f*- (0 - 12f (1) - K=-(t) (Y = 0, I t t > a) 

f (1) =- xfa- (t) - 72 (1) - fl- (t) 01 = 0, It ) <a) 

‘The problem (3.2) is a Riemann problem with discontinuous coefficient. The particular 

solution of the corresponding homogeneous problem is: 

,y, lz) =_; tz +. n)-y (z - u)y-I, y =- ‘I, -t- In x / 2ni 

The branch for which lim zX, (z) = 1 as a - 00 is selected for the function 
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X, (z), The solution of the inhomogeneous problem (2.2) has the form : 

where 41 (z) is a holomorphic function in the expanded z -plane slit along t--n, a) 

and equal to zero at infinity, C, = iP / 2n. Then under the stamp (1 z I < a) 

GY - ITXY = CD- (t) - m+(t) - fz- (t) - f*+ (t) - f,+ (t) (3.4) 

As in Sect. 2. formula (3.3) can be applied directly only in the case of identical elastic 

constants. 

4. Appendix. Let domains S, in the form of circles of identical radius r for 

which the affixes of the centers are 6, - Iv-‘/t (m -I- I)] d - ih (v = 1, ...V m) be 
inserted in a half-plane with identical prestress 6 . Let us also assume that PO = p, = 

PP x. - x, = X, that the stamp can be displaced vertically only, and there is no fric- 

tion below it. Then 
21% 0) = 2K 0 - ay), K=p/Jr 

For this problem 
oh (t) = ‘p. (t) - cpk (t) = 2K (.i + x)-t (t - a,) 

The functions (D (z) and J, (z) defined by (2.13). (2.14) are : 

( ‘PO (d7 2 E so 

‘p (4 = 
\ ‘p, (2) --L + (z -a,), z E s, 

Therefore, we have in the domain So 

@ (2) = @o (2) I Jl’ (2). Y (2) = \y, (z) -L J,’ (z) (4.1) 

From (2.25) and (4. P), we find 
n 

f (t) = - p& 1 I 

cf - dk)' + (t - ah.)* 

Let us substitute (4.3) into (2.26). then 

(4.2) 

(4.3) 

By virtue of the theorem on residues we finally find 
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The stress under the stamp (1 z 1 < a) will be 

v 

bet us consider the case of one inclusion (,i, r~ d --- ih), then 

Here 

To assure ~anslational motion of the stamp, the distance r, of the line of action of the 
force I’ from the stamp axis y is determined from the statics condition 

where 

The points 4, = a I b i- i 1 i l’~ and q1 = a/h - i 1 ! fl are double poles of the integ- 

rand. For sufficiently large i z 1 = I( we have 

r/ 1 ___ 2: _-_: - i IQ”, r/l - iA _= i l{c-” (‘(.7) 

On this basis of the theorem on residues and taking account of (4.5) and (4.7) we obtain 



Pressure of a stamp on a half-plane with Inclusions 857 

from (4.6) : 

2, = 8a2Kn (+)‘$~(~~__?sin~)+& [Dlsinq -+ 
(1 + x) P 

+ & ~0.3’~ + - LA sina %]-~[(~~sin$+U3coS~~X 

3(lJ :w 
x 6acosT +2ATsin;! 2.+cOSF - Ii2 sill T 

The constants in this formula are: 

& = paA - 2A,Ap_+ 3A,A, - 4As 

D, = 4a (P2 - A, i- 2A,), D3 = 4a (A2 - 3AS -I- 2Ab) 

D, = a (b*A, - AIA2 -I- ASAI - Aa) 

Db = 2a2ba - A,A, + Ae, D,, = 82.4, - 2a?A, + A3Ab - 4a2A, 

D7 = 2a (fi2 + 2A1 - A,) 

A, = a2 - 1, A,= 2fP+a*+ 1, , As= p”+2a2+2 

A, = a” - 3, A, = 3a2 - 1, A,) -= a4 - 6a2 + 1 

A7 = 6’ - a2 + 2, As = cc” + I, Ao=u2$1 

The distance of the line of action of the force P from the y -axis is zC = u.~i’~la for 

d / h = 1, a I h = ‘/a. The pressure under the stamp has been computed for P / ma = 

8K (1 + x)-l (r I h)* for the cases d = 0, a I h = 1/~; d / h = l/s, a / h = ‘ix; d = h, 

(I / h = I/B and the diagrams IT,,* = 1:. (‘1 -+ X) ~-1 (h / r)* or, are shown in Fig. 2 by a 
solid, dashed, and dashed-dot line, respectively. The diagram shown by the heavy solid 

line is when there is no inclusion with prestress. 

J* 
Y 

19 

1 

-, 
\ 
\. / 

‘. 
/ -/A/ 

e,’ I_ 

-a/z I! 
I_ a/z a 

Fig. 2 

4.2. Let us solve the problem 1, when total adhesion holds under the stamp. In this 
case 

f (4 == -m = E i 
h‘=l tz _lak)” 

al (2) = ( -g J (4 + .& f) x0 (2) 

m 

J(2) = i ‘_ ( at 
k-1 2n‘ -:, x0+ (t) (t - a# (t - 2) 

On the basis of the residue theorem we have 
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I 
m 

d 1 

-z x0+(t) (t -2) 1 
Y<O 

J (z) = 
I=ak 

= J, (a), 

m 

I &)z (z-1ak)a +J*w Y>O 
k=l 

Taking into account that fs (t) = 0. on the basis of (2.4) we have under the stamp 
1,1 

c o - irxy = W (t) - @+ (1) + 

Hence 

a11 - irxv = - 1” “;: {J- (4 Xo- (4 - J+ (4 Xo+ (z) + 5 
k=l 

(= _! ar)2 ) + 

& P {X0- (2) -- x0+ (2)) 

Taking into account that X+ (z) = --xX- (5) along the slit (-a, a) , we have 

4Krs 
by - irxy L - -J, (4 Xo+ (z) - g* xo+ (=) x 

Hence, for the case of one inclusion (C 1 = d - ih) , formulas for the stress components 

result 
p co3 Ji - pip, ((y - q)Z j- p,2)+ co9 a, 

v/(1 - 9’) (0 - 9)’ + PI', - 

~0s IQlnU + 9)/G -9))J 1 i-"_ ! 

2n)/x a l/i 

pa sin ai - pipn ((Ii - 9)2 + f31~)-‘;~ sin a2 

V(1 - 9”) (01 - 9)” + P?) 
+ 

1 +x P sin[Qln(t -!-9)/(i-9))j 

G-yFy Jfl - q2 

Here 

h 1 a - $1, d I J = ~1, = I a = 9, tg v1 = B I (~1 - I), tg (p2 = B I (~1 + i) 

tg vs = (2Q + P) / y19 tg 8 = p/ (Yl - 9) p1 = V(Yl - I)? + B" 

pa = r/(Tl + I)'+ P?, ps = )/(2Q + PI)” f- y?, Q =lnx/Zn 

Note. It is found in deriving the formulas for at, and ~,v from the condition 

IX, (2) - 1 as z + 00 that in the function 

X0 (2) z (a + a)-’ (2 - a)‘-1 = & ey Inu 

z-a 
U=qz- 

the argument In u equals arg u. 
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The pressure and shear stresses under a stamp have been computed for P / &a = 
4 (K / VZ) (r / 01% for the cases (& = 3, y1 = o), (ps = 3, y1 = 3) and the diagrams 

Fig, 3 

uy- = ‘/, V x K-l (h/r)%,, and T_,*+ = 11~ J’ xR1 (h / r)%t, ate shown in Fig. 3 by fine 
and heavy lines, respectively. 
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